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Mathematical virology: a novel approach
to the structure and assembly of viruses
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Understanding the structure and life cycle of viruses is a fascinating challenge with a
crucial impact on the public health sector. In the early 1960s, Caspar & Klug (Caspar &
Klug 1962 Cold Spring Harbor Symp. Quant. Biol. 27, 1–24) established a theory for the
prediction of the surface structures of the protein shells, called viral capsids, which
encapsulate and hence provide protection for the viral genome. It is of fundamental
importance in virology, with a broad spectrum of applications ranging from the image
analysis and classiﬁcation of experimental data to the construction of assembly models.
However, experimental results have provided evidence for the fact that it is incomplete
and, in particular, cannot account for the structures of Papovaviridae, which are of
particular interest because they contain cancer-causing viruses. This gap has recently
been closed by the viral tiling theory, which describes the locations of the protein
subunits and inter-subunit bonds in viral capsids based on mathematical tools from the
area of quasicrystals. The predictions and various recent applications of the new theory
are presented, and it is discussed how further research along these lines may lead to new
insights in virology and the design of anti-viral therapeutics.
Keywords: virus structure and assembly; viral tiling theory; Caspar–Klug theory;
quasicrystals; Coxeter groups

1. Introduction
Viruses are fascinating micro-organisms consisting of a very compact genome
and a protective protein shell or capsid, which hijack host cells typically 100 to
1000 times their size. Advances in virology and the design of anti-viral
therapeutics rely strongly on an understanding of the viral replication cycle
and, in particular, of the structures of the capsids, as well as of the mechanisms
that trigger their assembly and disassembly.
Already, Crick & Watson (1956) observed that the majority of viruses exhibits
symmetry in the structural organization of their capsids. It soon became clear
that icosahedral symmetry occurs predominantly (see, for example, Casjens
(1985) for a review), although an explanation for the origin of icosahedral
symmetry in viruses was suggested only recently by Zadi et al. (2004). The
icosahedral symmetry implies that the capsids exhibits 6 ﬁvefold, 10 threefold
and 15 twofold discrete rotational symmetry axes and that their surface
structures are hence highly ordered. Experiments have provided evidence for the
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Figure 1. (a) Example of a viral capsid, with (b) capsomeres shown in magniﬁcation. Both ﬁgures
are obtained from the Johnson Lab at the Scripps Research Institute.

fact that viruses follow particular types of surface lattices as blueprints for their
structural organization. The proteins typically appear in clusters of three, ﬁve or
six, called capsomeres that are organized as shown for example in ﬁgure 1a;
capsomeres composed of six individual protein subunits are shown in magniﬁcation
in ﬁgure 1b.
This suggests that it should be possible to pinpoint a uniform organizational
principle for viral capsids in general. The ﬁrst theory of this kind was proposed by
Caspar & Klug (1962) in their seminal paper from the early 1960s. In this paper,
they derive a series of polyhedra that encode the locations of the proteins in the
viral capsids of icosahedral viral particles. This theory is one of the major tools in
modern virology, universally accepted for the classiﬁcation of viral capsids and
the three-dimensional reconstructions of viral capsids from experimental data
(e.g. Baker et al. (1999) and references within). Therefore, it is not surprising that
the ﬁrst experimental results deviating from Caspar–Klug theory have initially
been thought to be incorrect, until it had been established that they rather have
to be seen as pointers to the incompleteness of the theory. For example, the
Papovaviridae, which contain cancer-causing viruses and are hence of prime
importance for the public health sector, fall out of the scope of this theory (e.g.
Rayment et al. 1982; Liddington et al. 1991).
The mathematical reason for this discrepancy lies in the fact that Caspar &
Klug only consider the surface lattices that are induced by hexagonal lattices, so
that pentamers, i.e. clusters of ﬁve individual protein subunits, located off the
ﬁvefold axes of icosahedral symmetry are excluded a priori. However, there are
icosahedral viruses with a larger number of pentamers, such as polyomavirus with
72 pentamers. Its structural organization has therefore been a long-standing open
problem in virology, formulated by Liddington et al. (1991) as follows: ‘The puzzle
is how do the (coloured) pentamers ﬁt into the hexavalent holes?’.
Viral tiling theory has been introduced in 2004 to close this gap (e.g. Twarock
2004; featured in Science News by Weiss (2005)). By exploiting the concept of
symmetry to the full, it makes use of generalized grids that are determined via
the afﬁnization of the non-crystallographic Coxeter group H3 based on a method
inspired by the projection formalism (e.g. Senechal 1996) known from the theory
of quasicrystals (Shechtman et al. 1984) and Penrose tilings (Penrose 1974).
Phil. Trans. R. Soc. A (2006)
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This more involved mathematical procedure is necessary because lattices
invariant under the icosahedral group do not exist in two or three dimensions,
so that a straightforward generalization of the Caspar–Klug construction is not
possible. The new theory is well suited to the description of the capsid structures
of Papovaviridae while still reproducing the tessellations relevant to the viruses
covered by the Caspar–Klug classiﬁcation. In particular, it has led to a new ﬁnite
series of polyhedra, called the triacontahedral series, that complements the
family of polyhedra in the Caspar–Klug theory (Keef & Twarock in press a).
Moreover, its predictive power and scope of applications are signiﬁcantly
enhanced with respected to Caspar–Klug theory, because besides the locations of
the proteins it also predicts the locations of the inter-subunit bonds.
The new tiling models have already sparked various applications, ranging from
assembly models and the classiﬁcation of tubular malformations to the
description of crosslinking structures. But, by far, this does not exhaust the
rich mathematical toolbox provided by this theory. For example, the generalized
grids that have been derived for the construction of the polyhedra have
interesting scaling properties that can be used in connection with a recent
approach by Janner (2006) to derive encasing forms for the proteins in viral
capsids. This departure from two-dimensional surface lattices to a threedimensional representation of the capsid is a major step that opens up a plethora
of novel applications, including the study of scaffold-mediated assembly, which is
discussed in §5. Moreover, the connection between the locations of the protein
subunits and the sites of a higher-dimensional periodic lattice that has been
worked out by Keef & Twarock (in press a) allows to address the physical aspects
of viral capsids, such as their elasticity, phonons and phason ﬂips. In addition,
these grids can be used to construct nested shell structures that lend themselves
to the modelling of the genome packaging structure, as discussed in §5, with the
potential to solve another open problem in virology.
2. Caspar–Klug theory
The theory developed by Caspar & Klug (1962) is the ﬁrst approach to the
prediction of viral capsid architecture. It is applicable to icosahedral viruses that
exhibit protein subunits organized according to a hexagonal surface lattice, such
as the viral capsid in ﬁgure 1. In order to predict the locations and relative
orientations of the protein clusters (capsomeres) for viruses of this type, they
consider embeddings of the surface of an icosahedron into a hexagonal lattice, as
shown in ﬁgure 2a.
Every inequivalent embedding of this type—allowing for rotations and
scalings of the icosahedral surface, such that vertices of the triangular faces
meet centres of the hexagons in the underlying lattice—corresponds to a different
blueprint for a viral capsid according to their theory. In particular, via a
subsequent replacement of each hexagon by six triangles, triangulations are
obtained that are compatible with the overall icosahedral symmetry. Each
triangular facet in such a triangulation encodes the locations of three protein
subunits in its corners. Hence, one obtains clusters of ﬁve protein subunits, called
pentamers, at the ﬁvefold axes of icosahedral symmetry and clusters of six
protein subunits, called hexamers, otherwise. This is demonstrated in ﬁgure 2b,
Phil. Trans. R. Soc. A (2006)
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Figure 2. (a) An embedding of the surface of an icosahedron into a hexagonal lattice and (b) an
example of a triangulation induced in this way. Adapted from Casjens (1985).

adapted from Casjens (1985). On the left, two of the 20 triangular faces of an
icosahedron are shown, with a protein subunit marked schematically in each of
their corners. By introducing further triangular facets via the method explained
above, the faces are subdivided into triangular facets. A subdivision of each face
into four triangular facets is shown on the right, each of them again encoding the
locations of three protein subunits in their corners. In this way, the locations and
orientations of the capsomeres are speciﬁed; for example, a hexamer has
appeared on the edge between the two original faces.
The different surface lattices obtained in this way have been classiﬁed in terms
of the triangulation number T Z h 2 C hk C k 2 , with h, k 2ZR 0, which counts the
number of triangular facets per face in the corresponding triangulation. They
correspond to an inﬁnite series of polyhedra, which we call the Caspar–Klug
series, because—according to Caspar–Klug theory—viruses follow the structure
of these polyhedra in the organization of their capsids.
It had subsequently been observed by Wrigley (1969, 1970) that superpositions such as in ﬁgure 2a are too restrictive and that certain types of viruses
rather follow the structures of the Goldberg polyhedra (Goldberg 1937), which
correspond to hexagonal close packings on the surface of an icosahedron. These
surface structures are encoded by Goldberg diagrams (see, for example, ﬁg. 2 in
Wrigley (1969)) and have been used by Wrigley (1969, 1970) to explain the
surface structures of Sericestis, and respectively Tipula, iridescent virus.
Moreover, Coxeter (1971) realized the connection between the structure of virus
macromolecules and geodesic domes. However, all of these approaches, including
Coxeter’s, missed the intriguing connection between non-crystallographic
Coxeter groups and generalized lattices and their stunning potential in unravelling
virus structure.
3. Viral tiling theory
Viral tiling theory differs from the Caspar–Klug theory by the introduction of more
general types of surface lattices. Most importantly, it considers grids suitable for
the modelling of the local ﬁvefold protein clusters off the global symmetry axes that
Phil. Trans. R. Soc. A (2006)
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have been excluded a priori before. Moreover, it relaxes the strict interpretation of
the hexagonal lattice picture in terms of triangulations, thus permitting
tessellations in terms of other shapes, such as rhombs. These again encode the
locations of protein subunits, but lead to different predictions for the protein
stoichiometry as discussed below. In this way, the viral tiling theory incorporates
the Caspar–Klug theory, but enhances its spectrum of applications crucially.
(a ) A generalized lattice approach inspired by quasicrystals
Since pentagons cannot tessellate the plane without gaps or overlaps, a
straightforward generalization of the Caspar–Klug construction and its spin-offs
is not possible. However, generalized lattices with the desired properties can be
inferred via projection from higher-dimensional lattices with icosahedral
symmetry. This phenomenon is known from the study of quasicrystals, alloys
with non-crystallographic symmetry and long-range order discovered by
Shechtman et al. (1984). Their discovery sparked the development of new
mathematical techniques beyond the tools of crystallography (Senechal 1996),
among them tilings inferred via projections from higher-dimensional lattices.
A prominent planar example is the Penrose (1974) tiling, which can be obtained
from a regular lattice in ﬁve dimensions via projection.
In a similar way, tilings relevant for the description of viruses can be obtained
via projection from a suitable lattice in six dimensions, which is the smallest
dimension in which a lattice invariant under the icosahedral group can occur.
However, it is more convenient to exploit the connection between the sixdimensional root lattice D6 and the non-crystallographic Coxeter group H3, as in
Keef & Twarock (in press a), and to infer generalized lattices directly from H3
and its afﬁne extension as explained below.
The approach relies on the fact that the rotational symmetries of the
icosahedral group are generated by the reﬂections rj in H3, which are reﬂections
at planes perpendicular to a set of vectors aj that form the so-called root system
of the group and encode its structure geometrically (Humphreys 1992). Hence,
rj ðxÞZ x Kðð2ðxjaj ÞÞ=ðaj jaj ÞÞaj , for any x 2R3 . This is illustrated in ﬁgure 3. The
root system of H3 corresponds to the vectors that point from the centre of an
icosidodecahedron (ﬁgure 3a) to its vertices. Two planes characterized by two of
these vectors are shown explicitly in ﬁgure 3b, while for all other planes, only
their intersections with the surface of the sphere are indicated. The intersections
of the planes of reﬂection mark the locations of the axes of rotational symmetry
of the icosahedral group. For example, the intersection of the two planes in the
ﬁgure corresponds to an axis of ﬁvefold symmetry. Similarly, one can also
reconstruct the locations of all other symmetry axes.
In order to exploit this correspondence for the construction of generalized
lattices, one has to realize that the vectors in the root system of H3 are related to
a particular choice of basis vectors (simple roots) of the icosahedrally symmetric
lattice D6 via a projection formalism similar to the one used in the study of
quasicrystals (Senechal 1996). Therefore, it is possible to work with the root
system of H3 directly, provided that a method can be found to extend this root
system in a way compatible with the overall icosahedral symmetry. We have
shown that this can be achieved by an afﬁne extension of the group (Keef &
Twarock in press a). Via an adaptation of a mathematical formalism known from
Phil. Trans. R. Soc. A (2006)
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Figure 3. (a) The root polytope of H3 and (b) examples of the reﬂection planes encoded by the root
vectors.

Kac–Moody algebras (Patera & Twarock 2002), we have extended the root
system of H3 by a further vector. The method relies on the fact that the relations
between the root vectors (simple roots) are encoded in a matrix, called the
Cartan matrix, and that via an appropriate extension of this matrix, a further
operation can be introduced. This operation describes an afﬁne reﬂection, i.e. a
reﬂection at a plane not centred at the origin, and acts as a translation T by a
distinguished vector (the highest root) in the root system. Hence, the afﬁne
extended group is generated by three reﬂections, which correspond to reﬂections
at planes through the origin, and are such that the products of any two of them
correspond to a rotation in the icosahedral group, as well as T.
Via an iterated action of the generators of the extended group on the origin,
point sets or generalized grids with icosahedral symmetry are constructed. If the
action of the translation operator T were not restricted, R3 would be densely
ﬁlled in this way and the point set would by construction correspond to a
projection of the entire six-dimensional lattice D6. However, if T acts only a ﬁnite
number of times, say N, while the action of all other operations is not restricted,
point sets S(N ) are obtained that are ﬁnite subsets of generalized lattices known
as cut-and-project quasicrystals or model sets. For increasing N, the point sets
become larger and more dense, and they correspond to cut-and-project
quasicrystals with increasingly larger acceptance windows. Examples have
been worked out explicitly for the two-dimensional subgroup H2 by Patera &
Twarock (2002) and for H3 by Twarock (2002), where applications to carbon
cage structures have been considered.
(b ) A new series of polyhedra solving the structural puzzle for Papovaviridae
The point sets S(N ) form the starting point of the construction. They deﬁne
nested point sets in three dimensions that are related to a six-dimensional lattice
via the projection formalism mentioned before. By construction, they contain the
vertex sets of the desired polyhedra or tilings. However, identifying these vertex
sets within S(N ) is not straightforward, because the polyhedra do not need to be
Phil. Trans. R. Soc. A (2006)

Downloaded from http://rsta.royalsocietypublishing.org/ on January 16, 2018

Mathematical virology
(a)

3363

(b)

Figure 4. (a) A cube inscribed into a dodecahedron and (b) a tetrahedron inscribed into a cube.
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Figure 5. (a) The tiling representing the viral capsids of polyomavirus and simian virus 40 and (b)
the corresponding tiles.

isometric and may also have octahedral or tetrahedral symmetry. The latter is
due to the relations of the corresponding symmetry groups, which can be
visualized geometrically as shown in ﬁgure 4.
For example, the polyhedra corresponding to all-pentamer capsids, i.e. capsids
where all protein subunits cluster as ﬁve, have been worked out by Keef &
Twarock (in press a). It has been shown that there is a (ﬁnite) series of three
polyhedra of this type (apart from the icosahedron as a trivial case), which is
called the triacontahedral series, because it starts with the triacontahedron. It
contains the exceptional cases that complement the Caspar–Klug series discussed
in §2. The large particle in the series corresponds to the tiling shown in ﬁgure 5a,
where the locations of a twofold, a threefold and a ﬁvefold symmetry axis are
shown to facilitate visualization of the action of the icosahedral group. The tiles
are rhombs and kites (ﬁgure 5b), and they encode the locations of the protein
subunits similarly as in the Caspar–Klug theory as follows: all corners of the tiles
meeting at ﬁve coordinated vertices in the tiling mark the locations of protein
subunits. They are indicated schematically as dots in ﬁgure 5b and by colours in
Phil. Trans. R. Soc. A (2006)
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Figure 6. (a) The tiling representing the protein stoichiometry of bacteriophage HK97 and (b) in
comparison with data from VIPER (Reddy et al. 2001). Both ﬁgures are adapted from Twarock &
Hendrix (2006).

ﬁgure 5a, where sites of the same colour refer to the positions that are equivalent
under the action of the icosahedral group. The surface structure encoded by this
tiling provides the solution to the structural puzzle pointed out by Liddington
et al. (1991).
(c ) Viral tiling theory for the case of hexagonal lattices
Viral tiling theory includes the case of hexagonal surface lattices, so that the
structures in the Caspar–Klug theory are also contained in this framework.
However, it does not limit its scope to triangulations, but permits more general
tessellations such as rhomb tilings (Twarock 2005a). An example is shown in
ﬁgure 6; it encodes the surface structure of bacteriophage HK97, a microorganism similar to a virus that infects bacteria. Experimental data on the
locations of the proteins in the bacteriophage HK97 capsid are shown in ﬁgure 6b,
together with a patch of the tiling to demonstrate how the information encoded
in the tiling has to be translated into the real-life setting.
The distinction between a triangulation and a rhomb tiling is crucial. Both
predict the locations of the capsomeres at the same places, but the prediction for
their relative orientations is different. This is important, because it affects the
ability of forming crosslinking structures, as will be discussed in more detail in §4.
(d ) Predictions of viral tiling theory
By construction, viral tiling theory not only predicts the locations of the
protein subunits as in the Caspar–Klug theory, but also speciﬁes the locations of
the inter-subunit bonds between proteins in different capsomeres. In particular,
as discussed in §3b, the locations of the proteins are marked as dots on the tiles.
In addition to that, tiles with two or three protein subunits represent an
interaction between these two proteins (called dimer interaction) or three proteins
(called trimer interaction), respectively, on that tile (Twarock 2005a).
This is demonstrated in ﬁgure 7 for the case of the tiling in ﬁgure 5, which
corresponds, for example, to the polyomavirus and simian virus 40 in the family
of Papovaviridae. The predicted locations of the C-terminal arm extensions of the
Phil. Trans. R. Soc. A (2006)
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proteins, that are responsible for the dimer and trimer interactions, are
visualized schematically as spiral arms. There are two types of dimer bonds
represented by ‘yellow–yellow’ and ‘blue–red’ rhombs, respectively, and one type
of trimer bond in the kite tiles. Moreover, there are two different types of local
bonding environments around the pentamers in the capsid: one type around the
pentamers located on the ﬁvefold axes of icosahedral symmetry (represented by
ﬁve kite tiles) and another one around all other 60 pentamers (represented by
two kites and one rhomb tile). This distinction is important for the construction
of assembly models as discussed in §4. The predictions agree well with the
experimental results of Modis et al. (2002).
Another crucial feature of this approach is the fact that it predicts the relative
radii of different particles in the triacontahedral series. Hence, there is only one
scaling parameter that maps the overall mathematical set-up collectively onto its
biological counterpart. For example, a comparison with experimental data
(Kiselev & Klug 1969; Salunke et al. 1989) shows an excellent agreement with the
radii predicted for Papovaviridae by our theory (Keef & Twarock in press a).
4. Recent applications of viral tiling theory
Owing to the fact that tiles have a biological interpretation in terms of
interactions between the proteins they encode, the viral tiling theory lends itself
to various applications. Recent work along these lines is discussed below in
perspective with other works in these areas.
(a ) Assembly models
Manipulating the assembly of viral capsids is one way of interfering with
the viral replication cycle, hence a possible avenue for anti-viral drug design.
The ﬁrst model for the self-assembly of a small plant virus was pioneered by
Zlotnick (1994), exploring the assembly of a dodecagonal shape by a cascade of
single-order reactions. It has since been extended to more involved scenarios
(Endres & Zlotnick 2002), including a recent study of the energy landscape
underlying assembly (Endres et al. 2005) similar to the energy landscapes
considered by Wales (2005). Moreover, Zandi et al. (2006) have generalized
Zlotnick’s approach and shown that there must be thermodynamically
favourable intermediate states that produce a kinetic bottleneck to capsid
formation. Related approaches include molecular dynamics studies of viral
capsid assembly (Rapaport et al. 2004) and a molecular dynamics-like formalism
that is implemented in connection with a ‘local rules’ mechanism, which
regulates capsid assembly (Berger et al. 1994; Schwartz et al. 1998).
A characteristic feature of these models is the fact that the bonding structures
of all building blocks are treated on an equal footing. While this is justiﬁed for
many viruses, it is an inappropriate simpliﬁcation for important families, such as
the Papovaviridae. For example, the particles encoded by the tiling in ﬁgure 5a
are composed of pentamers that attain two different conformations in the capsid:
the 12 pentamers located on the ﬁvefold axes of the capsid are surrounded by
trimer interactions, while the 60 other pentamers are surrounded by a
combination of dimer and trimer interactions. Viral tiling theory provides a
mathematical tool to model these different bonding environments via the
Phil. Trans. R. Soc. A (2006)
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Figure 7. (a) Location of the dimer and trimer interactions in the capsids corresponding to the
tiling in ﬁgure 5. (b) A computer simulation of the three-dimensional surface morphology of
polyomavirus, adapted from Salunke et al. (1986), shown in order to demonstrate how the tilings
translate into three-dimensional surface structures.

corresponding vertex stars, i.e. conﬁgurations of tiles around vertices, in the
tiling. For example, the vertex stars of the tiling corresponding to the large
particles in the family of Papovaviridae, which are shown in ﬁgure 8, have been
used as the building blocks for the construction of assembly models (Keef et al.
2005). In particular, combinatorial structures called assembly graphs have been
introduced, which encode the succession of the energetically favourable assembly
intermediates under the assumption that assembly takes place by the addition of
a single building block per iteration step. As discussed in §3d, there occur three
different types of interactions in the capsids of these viruses, which are modelled
by three association constants. The dependence of the assembly scenario on the
values of these constants has been analysed by Keef et al. (2005) and the
concentrations of the statistically dominant assembly intermediates have been
computed. Moreover, the most probable assembly pathways have been
determined based on a master equation approach (Keef et al. 2006a), and it
has been shown that the assembly intermediates on the dominant pathways have
characteristic geometrical properties that may potentially be exploited in the
framework of anti-viral drug design.
(b ) Tubular malformations
In vitro experiments on the self-assembly of viral capsid proteins have
demonstrated that different types of viral particles may occur depending on
boundary conditions, such as pH value and salt concentration in solution. For
example, studies on polyomavirus have provided evidence for the occurrence of
tubular malformations besides the spherical capsids (Salunke et al. 1989). Since
the tiles in viral tiling theory have a biological interpretation as dimer and trimer
interactions between protein subunits, they lend themselves as the building blocks
for the modelling of these tubular structures. Indeed, based on the assumption
that the same dimer and trimer interactions are responsible for the formation of
both the spherical and the tubular particles, and that they can be represented by
Phil. Trans. R. Soc. A (2006)
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Figure 8. The building blocks for capsid assembly of the large particles in the family of
Papovaviridae.

the same shapes of tiles which may assemble into either a compact or a planar
surface, the classiﬁcation of possible tubular malformations translates into the
mathematical problem of classifying tubular lattices with a suitably chosen set of
properties. For Papovaviridae, these lattices are given in terms of the rhomb and
kite tiles in ﬁgure 5b and have been classiﬁed by Twarock (2005b). Moreover, some
tubular particles exhibit end caps, which—from a mathematical point of
view—imposes further constrains on the structures of their surface lattices. For
the family of Papovaviridae, these have been classiﬁed by Keef et al. (2006b). It has
been shown that the lattices obtained from ﬁrst mathematical principles in this
way describe more stable structures than the lattices previously suggested to
interpret experimental data (Kiselev & Klug 1969).
(c ) Crosslinking structures
Some types of viruses and bacteriophages have covalent bonds in addition to
the dimer and trimer interactions that are encoded by the tiles in viral tiling
theory. For example, in the bacteriophage HK97 capsid discussed in §3c, they
have been shown to cover the entire capsid in a chainmail organization, as
illustrated in ﬁgure 9.
Owing to the fact that such crosslinking structures affect an essential
stabilization of the capsid, as demonstrated by Ross et al. (2005), it is important
to develop a theoretical tool that allows the assessment of whether crosslinking
is possible for a given type of virus. Since viral tiling theory encodes the
structures of viral capsids in terms of tilings, it lends itself as a basis for such a
theory. Indeed, Twarock & Hendrix (2006) have shown that probing for the
possibility of crosslinking in a virus can be translated into the combinatorial
problem of ﬁnding so-called higher-level tilings that are compatible with the
tiling that describes its surface structure. For example, the higher-level tiling for
the rhomb tiling representing bacteriophage HK97 in ﬁgure 6 is shown
superimposed on the original tiling in ﬁgure 9b; it is a triangulation in terms of
the tiles in ﬁgure 9c. Based on this approach, Keef (in press) derives a list of all
types of crosslinking structures that are compatible with the surface structures
Phil. Trans. R. Soc. A (2006)
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Figure 9. A cartoon, adapted from Helgstrand et al. (2003), showing the geometry of crosslinking in
bacteriophage HK97 capsids. (a) The diagram shows one complete hexamer of protein subunits and
portions of the surrounding capsomeres. These subunits crosslink to surrounding capsomeres,
hence forming the chainmail organization encoded by the higher-level tiling (b) with the tiles in (c).
The ﬁgures are adapted from Twarock & Hendrix (2006).

encoded in viral tiling theory. Apart from providing a tool for the analysis of
cryo-electron microscopy data, these results also have potential applications in
the design of capsids as containers for drug delivery, because it provides an
overview of the crosslinking structures that may be engineered in these capsids in
order to render them particularly stable.
5. Outlook: the journey has just begun.
The applications discussed in §4 are just the starting point. Viral tiling theory
and, in particular, the generalized grids that have been used to construct the
tilings provide very powerful mathematical tools with a plethora of possible
applications in virology. Some of them have already been pointed out in §1. More
details on some of the possible next steps are given below, and the potential for
medical applications is discussed.
(a ) Assembly models
The applications to assembly models discussed in §4a are still in their infancy.
While we have good control over the assembly of a single species of viral particles
at present, it is now important to extend the models to allow for the
simultaneous assembly of different particles and tubular structures. This is
essential to study the possibilities to misdirect capsid assembly and, hence, to
ﬁnd methods of interference with the viral assembly process that lead to medical
applications. A starting point for this will be to combine our results on the
classiﬁcation of the tubular malformations with our approach based on assembly
graphs for a single species.
In order to accurately reﬂect the situation in vivo, these models moreover need
to incorporate the observed dependence on experimental conditions, such as pH
value and salt concentration. This requires an additional input in the models that
links the association constants of the inter-subunit bonds with parameters that
capture these boundary conditions. A further challenge is to understand scaffoldmediated assembly: some larger viruses use a protein scaffold to guide the
Phil. Trans. R. Soc. A (2006)

Downloaded from http://rsta.royalsocietypublishing.org/ on January 16, 2018

Mathematical virology

3369

assembly of their capsids (Prevelige et al. 1993). Inhibiting capsid assembly by
inference with the scaffold may be another strategy for anti-viral drug design
targeted to these types of viruses.
Another fascinating challenge is to better understand the assembly of RNA
viruses. While most models so far concern the assembly of DNA viruses, where
the capsid can be self-assembled from the capsid proteins alone and the viral
genome is packaged inside the capsid after the completion of the assembly
process, it is known that the coat proteins of RNA viruses interact with the
genome during assembly. For example, enticing results on the assembly of an
RNA virus have recently been obtained from the Stockley Lab at the University
of Leeds (P. Stockley 2006, personal communication), and it is a challenge to
come up with new models adapted to this situation. Modelling the role of RNA
during capsid assembly could be achieved, for example, by imposing further
combinatorial constrains in our assembly models for DNA viruses that reﬂect the
effects of the interactions between RNA and the dimeric building blocks.
Finally, it is important to incorporate the shapes of the capsid proteins into
the assembly models. Hagan & Chandler (2006) mimic the protein shapes by
representing capsomeres with internal bond vectors in their models. Another
alternative is to use our approach to obtain a three-dimensional representation of
viral capsids, in which individual capsid proteins are compartmentalized into
shapes that are compatible with the overall lattice structure. A proof of principle
study for bacteriophage MS2 (Keef & Twarock in press b) is very promising.
(b ) Physical properties of viral capsids
Now that the mathematical set-up of viral tiling theory has been worked out
completely, it can be used to model various physical properties of viruses. For
example, the generalized grids obtained via the afﬁne extensions of noncrystallographic Coxeter groups allow us to model phonons and phason ﬂips in
viral capsids along similar lines as in the theory of quasicrystals (Janot 1992)
based on the underlying projection picture.
The mechanical properties of icosahedral viral capsids have been studied by
Zadi et al. (2004) and Zandi & Requera (2005), and they have shown that
icosahedral symmetry provides a built-in genome release mechanism through
inhomogeneous stress distribution. Moreover, the mechanical properties have been
investigated with elastic network normal mode analysis by Tama & Brooks (2005),
and elastic network theory has been used to investigate the global distortions of
biological macromolecules by Tama et al. (2002). Moreover, buckling transitions
have been considered via a model based on the nonlinear physics of thin elastic
shells by Lidmar et al. (2003). Further details on these approaches can be found in a
special issue devoted to mathematical virology (McLeish et al. 2005). It is
conceivable that our generalized grids may also prove useful in this context.
(c ) Genome packaging
Another challenging area of research in virology concerns the packaging of the
viral genome. There are several competing models concerning the packaging
structure (see Mullaney & Black (1998) and references within), but it has still
not been possible to decide conclusively which one of them is correct. Again,
mathematical models based on symmetry as a guiding principle should be able to
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provide an answer to this open problem. Work in progress considers applications
of the generalized grids in Keef & Twarock (in press a) to the modelling of the
shell structures observed, for example, by Jiang et al. (2006).
Experiments have shown that there are RNA viruses that package part of
their genome in a way that mirrors the icosahedral symmetry of the capsids
(e.g. Rudnick & Bruinsma 2005). Since our generalized grids deﬁne a series of
nested polyhedra that are compatible with the overall icosahedral symmetry by
construction, they lend themselves also to a structural description of these
packaging structures.
(d ) A road towards anti-viral drug design?
Apart from their purely scientiﬁc interest, these approaches have the potential
to lead to enticing medical applications. For example, as soon as the assembly
process is better understood along the lines outlined above, it will be possible to
study the methods of misdirecting capsid assembly, for example, by shifting the
bias from the infectious spherical viral particles to the non-infectious tubular
ones. Moreover, the assembly models may be used to investigate the possibility
of inhibiting assembly via an anti-viral drug. For the case of herpes virus, this
has already been done by Zlotnick et al. (2002), and with the new approach,
similar studies are also conceivable for other viruses in the future.
Furthermore, viral capsids are currently under investigations as containers for
drug delivery. For example, the capsid of simian virus 40, which is a member of
the family of Papovaviridae that we are actively studying based on viral tiling
theory (ﬁgure 5), is currently under investigation in the framework of gene
therapy in the group of A. Oppenheim at the Hebrew University in Jerusalem.
Financial support via an EPSRC Advanced Research Fellowship is gratefully acknowledged. Some
of the work has been done in collaboration with my PhD student Tom Keef, who is funded by the
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