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The point scatterer on a torus is a popular model
to study the transition between integrable and chaotic
dynamics in quantum systems. It rose to prominence
in the quantum chaos literature in a famous paper by
Petr S̆eba [1] which dealt with the closely related case
of rectangular billiards. The model first appeared in
solid-state physics [2] in the 1930s to explain electronic
band structure and conductivity in solid crystals. Many
applications arose in nuclear physics throughout the
1960s and 1970s, see for instance [3]. The purpose of this
article is to give an introduction to this important model
which belongs to the class of pseudo-integrable systems
and to report on some recent progress in this field. The
reader will also be introduced to some important open
problems.

(a) Kronig–Penney model
In 1931, de Kronig & Penney [2] studied the quantum
mechanics of an electron in a periodic crystal lattice with
the goal of understanding the conductivity properties of
solid crystals.
They introduced the periodic one-dimensional
Hamiltonian

d2
χ[−a/2, a/2] (x − k),
ĤKP = − 2 + V0
dx
k∈Z

V0 > 0, 0 < a  1,
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(1.1)
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where Hθ is the space of quasi-periodic functions with quasi-momentum eiθ :
Hθ = {ψ ∈ C∞ (R) | ψ(x) = eikθ ψ(x + k), k ∈ Z}.
Let us consider the special case of periodic boundary conditions θ = 0. To simplify the
Hamiltonian ĤKP |H0 , it is convenient to take the limit
a  0,

α = V0 a = const.

Let f ∈ C∞ (R/Z). The calculation


α a/2
V0 χ[−a/2, a/2] (x)f (x) dx =
f (x) dx → αf (0),
a −a/2
R/Z

a0

shows that the Hamiltonian ĤKP |H0 converges in the distributional sense to a singular rank-one
perturbation of the one-dimensional Laplacian
−

d2
d2
+ V0 χ[−a/2, a/2] → Hα = − 2 + αδ0 , · δ0 ,
2
dx
dx

a  0.

(1.2)

The operator Hα can be realized rigorously by using von Neumann’s self-adjoint extension
theory. We will be interested in studying the analogues of the operator Hα on two- and
three-dimensional tori.

(b) S̆eba billiard
Let R be a rectangle with side lengths a, b. We define the aspect ratio of R as the quotient (a/b)2 . In
a 1990 paper [1], Petr S̆eba studied the operator
Hα = − + αδx0 , · δx0 ,

x0 ∈ R,

α ∈ R \ {0}

(1.3)

on a rectangle with irrational aspect ratio and Dirichlet boundary conditions. S̆eba’s motivation
was to find a quantum system which displayed the features of quantized chaotic systems, such as
quantum ergodicity and level repulsion, yet whose classical dynamics was close to integrable.
As was pointed out later by Shigehara [4], the energy levels obtained in Šeba’s quantization do
not repel each other; in fact, careful numerical experiments conducted by Shigehara show that the
spacing distribution coincides with that of the Laplacian which is conjectured to be Poissonian. We
will discuss rigorous mathematical results in this direction in §5. Shigehara suggested a different
quantization in his paper which should produce energy levels which display level repulsion.
In this paper, we refer to Šeba’s quantization as ‘weak coupling’ and to Shigehara’s as ‘strong
coupling’. A detailed discussion of these two different quantizations is given in §3.
In this paper, we will deal with a system closely related to the Šeba billiard—a point scatterer
on a flat torus (which means periodic boundary conditions); however, the results which will be
presented can probably be easily extended to rectangular domains with Dirichlet or Neumann
boundary conditions.

2. Quantization of a point scatterer
(a) Self-adjoint extension theory
We consider a rectangle with side lengths 2π a, 2π/a, where a > 0, and identify opposite
sides to obtain the torus T2 = R2 /2π L0 , where L0 = Z(a, 0) ⊕ Z(0, 1/a). We want to study

.........................................................

⊕

2

rsta.royalsocietypublishing.org Phil. Trans. R. Soc. A 372: 20120509

where χ denotes the characteristic function. According to Bloch theory, we have the
decomposition

L2 (R) = dθ Hθ , θ ∈ [0, 2π ),
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the formal operator
Hα = − + αδx0 ,

α ∈ R \ {0}, x0 ∈ T2 .

3
(2.1)

(2.2)

the domain of C∞ -functions which vanish in a neighbourhood of x0 . Clearly, Hα |D0 = −|D0 . We
denote −0 = −|D0 . The restricted Laplacian −0 is a symmetric operator; however, it is not
self-adjoint. By restricting − to the domain D0 , we are enlarging the domain of its adjoint.
Therefore, we have D0 = Dom(−0 )  Dom(−∗0 ). A simple computation of the adjoint −∗0
shows that its domain is given by
Dom(−∗0 ) = {f ∈ L2 (T2 ) | ∃C ∈ C : f + Cδx0 ∈ L2 (T2 )}.

(2.3)

We have the following definition.
Definition 2.1. The deficiency spaces of a symmetric densely defined operator A are given by
the kernels
K± = ker{A∗ ± i}.

(2.4)

The deficiency indices of A are defined as n+ = dim K+ and n− = dim K− . If n+ = n− = 0, then we
say that A is essentially self-adjoint.
For λ ∈
/ σ (−) denote by Gλ (x, y) the corresponding Green’s function, namely the integral
kernel of the resolvent

1
f (x) =
Gλ (x, y)f (y) dy,
(2.5)
x + λ
T2
and therefore we have the following distributional identity:
Gλ (x, y) =

1
δy (x).
x + λ

(2.6)

Indeed, if we compute the deficiency elements of −∗0 we have to solve
0 = (−∗0 ± i)f = (− ± i)f + Cδx0

(2.7)

for some C ∈ C. This shows that the deficiency spaces are spanned by Green’s functions G±i (x, x0 ).
We thus have
Dom(−∗0 ) = D̄0 ⊕⊥ L{Gi } ⊕⊥ L{G−i },

(2.8)

where the orthogonal decomposition is with respect to the graph inner product f , h g = f , h +
∗0 f , ∗0 h and the closure is taken with respect to the associated graph norm f g = f , f g .
The following theorem is due to von Neumann.
Theorem 2.2. Let A be a densely defined symmetric operator. If A has deficiency indices
n+ = n− = n ≥ 1, then there exists a family of self-adjoint extensions which parametrized by U(n), the
group of unitary maps on Cn . The domain of the extension AU is given by
Dom(AU ) = {f ∈ Dom(A∗ ) | f = g + Gi , v + G−i , Uv , g ∈ Dom(A), v ∈ Cn },

(2.9)

where Gi , G−i are the vectors whose entries are the deficiency elements and the closure of Dom(A) is taken
with respect to the graph norm of A. The operator AU = A∗ |Dom(AU ) is essentially self-adjoint.

.........................................................

2
D0 = C∞
0 (T \ {x0 }),
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To treat Hα rigorously, we will employ von Neumann’s theory of self-adjoint extensions. For
an introduction to this standard machinery, see [5]. The main idea is to restrict Hα to a domain
where we understand how it acts—functions which vanish at the position of the scatterer, and
therefore do not ‘feel’ its presence.
We denote by
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Figure 1. The function on the left-hand side of equation (2.14) for the square lattice. (Online version in colour.)

In our case, we have for ϕ ∈ (−π , π ]
Dϕ = Dom(−ϕ ) = {f ∈ Dom(−∗0 ) | f = g + cGi + c eiϕ G−i , g ∈ D̄0 , c ∈ C},

(2.10)

and −ϕ is the restriction of −∗0 to this domain. Functions f ∈ Dom(−ϕ ) satisfy
∃C ∈ C : f + Cδx0 ∈ L2 (T2 )
and near x0 they have the asymptotic

f (x) = C

ϕ
log |x − x0 |
+ tan
2π
2


+ o(1).

The extension associated with the choice ϕ = π is just the self-adjoint Laplacian on C∞ (T2 ). We
will be interested in studying the extensions for ϕ ∈ (−π , π ).

(b) The quantization condition
An orthonormal basis of eigenfunctions of the Laplacian on T2 = R2 /2π L0 is given by the complex
exponentials
1 ix,ξ
e
, where ξ ∈ L
ψξ (x) =
2π
and L is the dual lattice of L0 :
L = {ξ ∈ R | ∀η ∈ L0 : ξ , η ∈ Z} =

m
a



, na  m, n ∈ Z .

(2.11)

The eigenvalue of ψξ is given by |ξ |2 . We introduce the set of distinct norms
N = {0 = n0 < n1 < n2 < · · · }
and denote the multiplicity of n ∈ N by
rL (n) = #{ξ ∈ L | n = |ξ |2 }.

(2.12)

If L is a rational lattice, i.e. if a4 ∈ Q, then the multiplicities can be large and we have the bound
(e.g. [6, lemma 7.2])
rL (n)  n .

(2.13)

We have the following lemma which can be found in the standard literature on point scatterers,
or in the appendix to the article by Rudnick & Ueberschär [7].

.........................................................
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Lemma 2.3. Let ϕ ∈ (−π , π ). We have that λ ∈
/ σ (−) is an eigenvalue of −ϕ on T2 iff
∞


where
c0 =

= c0 tan

2

,

(2.14)

∞

rL (nj )
j=0

n2j + 1

and the corresponding eigenfunction is a multiple of Green’s function Gλ (x, x0 ) for which we have the
L2 -identity
∞

1  1
eiξ ,x−x0 .
(2.15)
Gλ (x, x0 ) =
4π
nj − λ 2
|ξ | =nj

j=0

The eigenfunctions in the lemma are not the only eigenfunctions of −ϕ . If rL (nj ) > 1 (which
in our case happens for all nj > 0), then nj appears in the spectrum of −ϕ with multiplicity
rL (nj ) − 1. The associated eigenfunctions are superpositions of Laplacian eigenfunctions and
vanish at x0 , and therefore do not feel the effect of the scatterer. In this article, we will only
be interested in the new eigenvalues, which are solutions to (2.14), and the associated new
eigenfunctions. A plot of the left-hand side of equation (2.14) is displayed in figure 1.

3. Weak coupling versus strong coupling
Two different quantizations appear in the literature on point scatterers, and we will follow the
terminology used by Shigehara et al. [4,8–10] in referring to the two models as weak and strong
coupling. The purpose of this section is to explain how these different quantizations arose in the
literature and give a derivation of the strong coupling quantization on a two-dimensional torus.
In his famous paper on wave chaos in a singular billiard [1], S̆eba considered a point scatterer
on a rectangle with irrational aspect ratio and Dirichlet boundary conditions. S̆eba computed
the spectrum of −ϕ by solving equation (2.14) numerically and a plot of the level spacing
distribution seemed to suggest level repulsion.
In 1994, Shigehara came to investigate this question and following careful numerical
investigations he observed [4] that the eigenvalue spacing distribution of the self-adjoint
extension −ϕ seemed to coincide with that of the Laplacian, which according to the conjecture of
Berry & Tabor [11] is believed to be Poissonian. Shigehara observed that the apparent ‘weakness’
of the point scatterer in S̆eba’s quantization could be corrected by adjusting the parameter ϕ in a
suitable way as the eigenvalue λ tends to infinity.
The operator can be realized by employing the self-adjoint extension theory discussed in the
previous section. The formal operators
−  + αδx0 ,

α ∈ R \ {0}

(3.1)

are associated with the family of extensions
− ϕ ,

ϕ ∈ (−π , π ).

(3.2)

It is well known that in one dimension there is an exact relation which links the physical coupling
constant α = 0 and the parameter ϕ ∈ (−π , π ). The situation is more complicated in two or three
dimensions. A relation can be derived (at a physical level of rigour) from the scattering problem
for a spherical scatterer (cf. for instance [12]) by shrinking its diameter to zero.
One obtains a relation which in contrast to the one-dimensional case contains a logarithmic
divergence in the spectral parameter λ
ϕ
1
= C1 tan + C2 log λ
α
2
for certain real constants C1 , C2 which depend on the domain.

(3.3)

.........................................................

nj
1
−
nj − λ n2j + 1

5
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j=0

rL (nj )

ϕ 
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So, a fixed choice of ϕ corresponds to weak coupling

6

On the other hand, a fixed physical coupling constant α = const. = 0 would require a
renormalization of the parameter ϕ, which means ϕ = ϕλ should be allowed to depend on λ as
λ→∞
ϕλ
∼ −C2 log λ.
(3.5)
C1 tan
2
Renormalization condition (3.5) is equivalent to a different quantization condition for a point
scatterer (cf. for instance [13]) which only takes into account the physically relevant energies in
the summation

nj
1
1
− 2
(3.6)
rL (nj )
= ,
nj − λ nj + 1
α
δ
|nj −λ|<λ

where α = 0 is the physical coupling constant. We require the following lemma which gives an
asymptotic for the sum over the energies outside the interval [λ − λδ , λ + λδ ].
Lemma 3.1. Consider a general torus T2 . Let δ ∈ (θ , 1), where θ =


rL (nj )

|nj −λ|≥λδ

nj
1
−
nj − λ n2j + 1

131
416 .

We have the asymptotic

= −π log λ + O(1).

(3.7)

Proof. We have


rL (nj )

|nj −λ|≥λδ

nj
1
− 2
nj − λ nj + 1

We will use the circle law


nj ≤x



=

rL (nj )

|nj −λ|≥λδ

1
1
−
nj − λ nj

+ O(1).

rL (nj ) = π x + O (xθ+ ),

(3.8)

(3.9)

where the best-known exponent θ = 131
416 is due to Huxley [14] and the optimal exponent is
expected to be θ = 14 (Gauss’s circle problem).
Summation by parts allows us to compare a lattice sum with an integral
 β

β

f (|ξ |2 ) = π
f (t) dt + O(α θ f (α) + β θ f (β)) + O
|f  (t)|tθ dt ,
(3.10)
α

α≤|ξ |2 ≤β

α

where f is some differentiable function.
We obtain for the first sum


rL (nj )

λ+λδ ≤nj

1
1
−
nj − λ nj

=π

∞
λ+λδ




1
1
−
dx + O(λθ−δ )
x−λ x

= (1 − δ)π log λ + O(λθ−δ ).

(3.11)

Similarly, for the second sum

nj ≤λ−λδ

rL (nj )

1
1
−
nj − λ nj

=π

 λ−λδ 
1


1
1
−
dx + O(1)
x−λ x

= (δ − 2)π log λ + O(1).

(3.12)


With the help of the lemma above, we can now show that quantization (3.6) is in fact equivalent
to the strong coupling quantization given by the renormalization condition (3.5).

.........................................................

(3.4)
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1
.
α∼
C2 log λ
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We obtain

∞


which forces the renormalization
c0 tan

1
+ O(1),
α

ϕλ
∼ −π log λ.
2

7
(3.13)

(3.14)

4. Statistics of wave functions
ϕ

Let {λj } denote the solutions to the spectral equation (2.14) (where ϕ is fixed). The eigenvalues

ϕ
{λj }

interlace with the norms {nj } in the following way:
ϕ

ϕ

ϕ

λ0 < n0 < λ1 < n1 < · · · < λj < nj < · · ·

(4.1)

We denote the solutions to the strong coupling quantization condition (3.6) by {λstr.
j }. Similarly as
above, the eigenvalues {λstr.
j } interlace with the norms {nj }. The corresponding eigenfunctions are
Green’s functions {Gλstr. }. We are interested in the statistical behaviour of the eigenfunctions {Gλϕ }
j

and {Gλstr. } in the limit as the eigenvalue tends to infinity.

j

j

Let a ∈ C∞ (S∗ T2 ), where S∗ T2  T2 × S1 . Let (x, φ) ∈ T2 × S1 and expand a ∈ C∞ (T2 × S1 ) into
a Fourier series

â(ζ , k) eiζ ,x +ikφ .
(4.2)
a(x, φ) =
ζ ∈L,k∈Z

In order to quantize the classical symbol a, it is convenient to realize the torus as the quotient
T2 = C/2π L0 [i], where
L0 [i] = {x1 + ix2 | (x1 , x2 ) ∈ L0 }.
For ζ ∈ L0 we define by ζˆ the corresponding element of L0 [i]. We associate with the symbol
a the zeroth-order pseudo-differential operator Op(a) : L2 (T2 ) → L2 (T2 ) defined on the Fourier
transform side by
k

ξˆ
 )(ξ ) =
â(ζ , k)
fˆ(ξ − ζ ), ξ = 0
(4.3)
(Op(a)f
|ξ |
ζ ∈L,k∈Z

and

 )(0) =
(Op(a)f



â(ζ , 0)fˆ(ξ − ζ ),

(4.4)

ζ ∈L

where
f (x) =



fˆ(ξ ) eiξ ,x .

(4.5)

ξ ∈L

Let λ ∈ R \ σ (−). Denote the L2 -normalized Green’s function by gλ = Gλ / Gλ 2 . We would
like to study the behaviour of the matrix elements
Op(a)gλϕ , gλϕ
j

j

in the limit as j → ∞. Similarly, we would like to study the matrix elements of Op(a) in the strong
coupling quantization
Op(a)gλstr. , gλstr. .
j

j

We first study the behaviour of the eigenfunction in position space. If we take a classical symbol
on position space a ∈ C∞ (T2 ), then the operator Op(a) is simply given by multiplication

Op(a)gλ , gλ =
a|gλ |2 dμ.
(4.6)
T2

We have the following theorem, which is proved in [7]. In the paper, the theorem is stated
for the specific case of the eigenfunctions gλϕ of the weakly coupled point scatterer. However,
j

.........................................................

j=0

= −π log λ +
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nj
1
− 2
nj − λ nj + 1

rL (nj )
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the result holds for any increasing sequence of numbers which interlaces with the norms {nj }. In
particular, it also applies to the eigenfunctions gλstr. of a strongly coupled point scatterer. We state

8

j


a|gλj |2 dμ →

T2

1
area(T2 )


T2

a dμ

(4.7)

as j → ∞ along Λ∞ .
Remark 4.2. In particular, this theorem implies that both in the weak and strong coupling
regimes the eigenfunctions equidistribute in position space. Also note that the result holds
for both rational and irrational lattices. The analogous result was proved in [15] for the
standard three-dimensional torus and general three-dimensional tori which satisfy certain
irrationality conditions.
The proof of theorem 4.1 uses the explicit formula (2.15) for Green’s function and by
approximating Green’s function by a sum over a polynomial size interval the problem can be
translated into a number theoretical problems about the well-spacedness of lattice points in
thin annuli.
In a recent paper [16], Marklof & Rudnick have shown that for rational polygons a full density
of eigenfunctions of the Laplacian equidistributes in position space. In particular, their result
applies to the square torus. Their proof uses Egorov’s theorem.
Quantum ergodicity does of course not hold for the Laplacian eigenfunctions on the torus.
If one chooses an eigenbasis of plane waves, the eigenfunctions are obviously localized in
momentum. It is an interesting question to ask if the presence of a (weakly or strongly coupled)
point scatterer can change this. Curiously, the answer depends on the arithmetic properties of the
lattice L0 .
For both a weakly and strongly coupled point scatterer, it is possible [17] to prove quantum
ergodicity for L0 = Z2 and it is likely that one can generalize this to any rational lattice. On the
other hand, one can disprove quantum ergodicity in the irrational case. The failure of quantum
ergodicity in the closely related case of the Šeba billiard (which has an irrational aspect ratio) had
already been conjectured by Berkolaiko et al. [18].
Keating et al. [19] prove under assumptions on the spectrum (which are consistent with the
Berry–Tabor conjecture) that there exists a positive density subsequence of eigenfunctions for the
Šeba billiard (weak coupling) which become localized around two Laplacian eigenfunctions. In
particular, it follows that this subsequence becomes localized in the high energy limit, therefore
disproving quantum ergodicity. This phenomenon is in some sense similar to scarring on unstable
periodic orbits of the classical system. The authors construct a sequence of quasi-modes which
converge to the real eigenfunctions in order to obtain their results. It would be interesting to
prove this result without any assumptions on the spectrum. In the closely related case of a weakly
coupled point scatterer on an irrational two-dimensional torus the failure of quantum ergodicity
can be proved unconditionally [17]. Another interesting question is to see whether one can classify
quantum limits which are localized in momentum without any assumptions on the spectrum.
Open problems: It would be interesting to try to prove the analogous statement for the strong
coupling limit: Can one disprove quantum ergodicity for irrational lattices?
The microcolal lift dμj of the measures |gλϕ |2 dμ is defined by the identity
j


Op(a)gλϕ , gλϕ =
j

j

S∗ T2

a dμj ,

a ∈ C∞ (S∗ T2 ).

(4.8)

.........................................................

Theorem 4.1 (Rudnick & Ueberschär [7]). Let T2 = R2 /2π L0 be a general flat torus. Let a ∈
Recall that gλ = Gλ / Gλ 2 denotes the L2 -normalized Green’s function. For any increasing
sequence of numbers Λ = {λj } which interlaces with the norms N = {nj }, there exists a density one
subsequence Λ∞ ⊂ Λ such that

C∞ (T2 ).

rsta.royalsocietypublishing.org Phil. Trans. R. Soc. A 372: 20120509

the theorem in full generality.
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One of the main observations in S̆eba’s paper [1] was level repulsion for a point scatterer
in a rectangular billiard with Dirichlet boundary conditions and irrational aspect ratio. S̆eba
computed the eigenvalues numerically and plotted the spacing distribution which did indeed
reveal some form of level repulsion and he initially conjectured that the spacing distribution
should coincide with that of the Gaussian Orthogonal Ensemble (GOE) in Random Matrix Theory.
As Shigehara [4] discovered later, level repulsion, as observed by S̆eba, could only be expected
in the strong coupling regime, where the extension parameter is normalized in a suitable way
as the eigenvalue tends to infinity. It is likely that Šeba carried out a truncation of the spectral
equation (similar to the one in lemma 3.1) when performing the numerics, so effectively he
calculated the eigenvalues for the strong coupling quantization.
Based on careful numerics, Shigehara predicted that one should recover Poissonian-level
statistics in the weak coupling regime, as was expected for the unperturbed Laplacian on an
irrational rectangle. In other words, the effect of the scatterer in this regime was too weak to have
an impact in the high energy limit. In three dimensions, however, the situation is very different.
Numerics suggest that the eigenvalues of a fixed self-adjoint extension obey intermediate-level
statistics, just as in the strong coupling regime in two dimensions [13].
In a 1999 paper [13] Bogomolny, Gerland and Schmit argued that the spacing distribution was
close to a semi-Poissonian distribution. The S̆eba billiard thus belongs to an intermediate class of
systems which shows a weaker form of level repulsion than chaotic systems. Another example of
such intermediate systems are flat surfaces with conic singularities. Intermediate statistics have
also been observed for certain families of quantum maps [21] and near the transition point in the
Anderson model in three dimensions (cf. [22, §6.1.3., pp. 332–333]).
There is also a recent paper by Tudorovskiy et al. [23] which claims to revise the results of
Bogomolny et al. in [13]. The paper contains heuristic mathematical arguments and numerics
which show a transition from level repulsion to Poissonian spacing statistics for the Šeba biliard
in the high energy limit. However, the quantization condition used in Tudorovskiy et al. [23]
can be shown to correspond to the weak coupling regime—as opposed to the strong coupling
regime considered by Bogomolny, Gerland and Schmit. The Poissonian statistics observed in
[23] are therefore hardly surprising, as they were already predicted by Shigehara [4]. A rigorous
mathematical proof that the spacing distribution of a weakly coupled point scatterer coincides
with that of the Laplacian on the two-dimensional torus is given in Rudnick & Ueberschär [24]
and we will discuss this result and others below.
There are many open questions regarding the spectral statistics of point scatterers on flat tori.
Even in the case of the unperturbed Laplacian, little can be said rigorously. Let
δj = nj − nj−1 > 0
and define
NL0 (x) = #{nj ≤ x}.
If L0 = Z2 , we have the following asymptotic which is due to Landau [25]:
Bx
,
NZ2 (x) ∼ 
log x

B = 0.764 . . .

(5.1)

.........................................................

5. Spectral statistics

9
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The quantum limits are the limit points of the sequence dμj in the weak-* topology. Jakobson
[20] classified the quantum limits for the Laplacian on the square torus. One can pose the same
problem for a point scatterer.
Open problems: What are the quantum limits for a point scatterer on the square torus in the
weak and strong coupling regimes? How about general rational and irrational two-dimensional
tori? How about three-dimensional tori?
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If L0 is an irrational lattice, then the multiplicity of the Laplacian eigenvalues is on average 4 (for
a generic vector ξ ∈ L0 [i] the other three choices are −ξ , ξ̄ and −ξ̄ ). Indeed, we have in this case
(5.2)

We define the mean spacing up to a threshold x by
δj

x

=

1



NL0 (x) n ≤x

δj

(5.3)

j

⎧
⎪
⎨4,
if L0 is irrational
x
∼ π 
δj x ∼
NL0 (x) ⎪
⎩B−1 log x, if L = Z2 .
0

and observe that

(5.4)

We introduce the mean normalized spacings
δj

δ̂ j =
ϕ

ϕ

δj

,

nj ≤ x.

(5.5)

ϕ

Analogously, let δj = λj − λj−1 > 0 and we introduce the mean normalized spacings
ϕ

ϕ

δ̂ j =

δj

δj

,

nj ≤ x,

ϕ

(5.6)
ϕ

and it is easy to see that δj x ∼ δj x as x → ∞ (recall that δj are the spacings of the new
eigenvalues which interlace with the norms nj ).
We have the following conjecture which is due to Berry & Tabor [11] and is expected to hold
for a generic classically integrable quantum system. We will only state it in the special case of flat
two-dimensional tori.
Conjecture 5.1. Let L0 be a Diophantine irrational lattice. Then the mean normalized spacings
{δˆj }nj ≤x have a Poissonian distribution of mean 1 in the limit as x → ∞. So for any h ∈ C∞ (R+ )
∞

1
lim
h(δ̂ j ) =
h(s) e−s ds
(5.7)
x→∞ NL0 (x)
0
n ≤x
j

Remark 5.2. We even expect this conjecture to hold in the case of the square torus (important:
we are ignoring multiplicities).
This conjecture remains out of reach, even a proof of the existence of the spacing distribution is
not available. However, some progress has been made with regard to the pair correlation function
[26,27], in cases where the aspect ratio satisfies certain diophantine properties.
It is an interesting problem to study the effect of the scatterer on the distribution of the spacings
ϕ
δ̂ j . We introduce the difference between Laplacian eigenvalues and the neighbouring eigenvalue
of the point scatterer
ϕ
dj = nj − λj > 0,
and we denote its mean by
dj

x

=


1
dj .
NL0 (x) n ≤x

(5.8)

j

One has the following bound on the mean of dj which shows that on average the eigenvalues
ϕ
nj and λj ‘clump’ together. The result is derived in [24] and the main tool is an exact trace formula
for a point scatterer, similar to the trace formula proved in [28].
Theorem 5.3 (Rudnick & Ueberschär [7]). Let L0 be a general lattice. Fix ϕ ∈ (−π , π ). We have the
bound
δj x
dj x 
.
(5.9)
log x

.........................................................

π
x.
4
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NL0 (x) ∼

10
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ϕ

ψξ (x) = √

1
8π 3/2

eiξ ,x ,

ξ ∈ L3 ,

where L3 is the dual of L30 , and the eigenvalue is given by the norm |ξ |2 . We denote the set of
distinct norms by N3 .
3
Let x0 ∈ T3 . In three dimensions, the operator −0 = −|D0 , where D0 = C∞
0 (T \ {x0 }), has
1
deficiency indices (1, 1) and we denote the self-adjoint extensions by −ϕ . The new eigenvalues
ϕ
of −ϕ (which interlace with the norms N3 ) are denoted by ηj and we define the differences
ϕ

δj = nj − nj−1 and dj = nj − ηj . As opposed to theorem 5.3, the eigenvalues of the point scatterer
on a three-dimensional torus seem to lie on average in the middle of the neighbouring Laplacian
eigenvalues. We have the following result which is consistent with intermediate statistics. The
proof is given in [24] and the methods are the same as in the case of theorem 5.3.
Theorem 5.5 (Rudnick & Ueberschär [7]). Fix ϕ ∈ (−π , π ). For a general lattice L30 , we have the
asymptotic
(5.10)
dj x ∼ 12 δj x .
It would be desirable to obtain information about the variance of dj . Theorems 5.3 and 5.5 are
proved using a trace formula for the point scatterer of the type proved in [28]. However, this
approach fails for higher moments.
Open problems: Consider a three-dimensional torus. Can one obtain an asymptotic for d2j x or
a useful bound such as d2j

x

< c0 δj

2
x

for some c0 < 12 ? What about higher moments?

Acknowledgements. I thank Zeev Rudnick and Stephane Nonnenmacher for many helpful comments and
suggestions that have led to the improvement of this paper.

References
1. S̆eba P. 1990 Wave chaos in singular quantum billiard. Phys. Rev. Lett. 64, 1855–1858.
(doi:10.1103/PhysRevLett.64.1855)
2. de Kronig RL, Penney WG. 1931 Quantum mechanics of electrons in crystal lattices. Proc. R.
Soc. Lond. A 130, 499–513. (doi:10.1098/rspa.1931.0019)
3. Berezin FA, Faddeev LD. 1961 Remark on the Schrödinger equation with a singular potential.
Dokl. Akad. Nauk SSSR 137, 1011–1014. [In Russian.] (English translation: Soviet Mathematics 2,
372–375, 1961.)
4. Shigehara T. 1994 Conditions for the appearance of wave chaos in quantum singular systems
with a pointlike scatterer. Phys. Rev. E 50, 4357–4370. (doi:10.1103/PhysRevE.50.4357)
5. Zorbas J. 1980 Perturbation of self-adjoint operators by Dirac distributions. J. Math. Phys. 21,
840–847. (doi:10.1063/1.524464)
6. Oravecz F, Rudnick Z, Wigman I. 2008 The Leray measure of nodal sets for random
eigenfunctions on the torus. Annales de l’Institut Fourier 58, 299–335. (doi:10.5802/aif.2351)
7. Rudnick Z, Ueberschär H. 2012 Statistics of wave functions for a point scatterer on the torus.
Comm. Math. Phys. 316, 763–782. (doi:10.1007/s00220-012-1556-2)
8. Shigehara T, Cheon T. 1996 Wave chaos in quantum billiards with a small but finite-size
scatterer. Phys. Rev. E 54, 1321–1331. (doi:10.1103/PhysRevE.54.1321)
9. Shigehara T, Cheon T. 1997 Spectral properties of three-dimensional quantum billiards with a
pointlike scatterer. Phys. Rev. E 55, 6832–684. (doi:10.1103/PhysRevE.55.6832)
1

In dimension d ≥ 4, the analogous operator −0 is essentially self-adjoint.

.........................................................

The situation is very different in three dimensions. Denote L30 = Z(a, 0, 0) ⊕ Z(0, b, 0) ⊕
Z(0, 0, 1/ab), a, b > 0 and consider the torus T3 = R3 /2π L30 . An orthonormal basis of Laplacian
eigenfunctions is given by the exponentials

11

rsta.royalsocietypublishing.org Phil. Trans. R. Soc. A 372: 20120509

Remark 5.4. This implies that if either the limiting distribution of δ̂ j or δ̂ j exist, then they must
coincide. By use of the trace formula proved in [28] it is possible to extend this result to surfaces
of constant negative curvature.

Downloaded from http://rsta.royalsocietypublishing.org/ on November 15, 2018

12
.........................................................

rsta.royalsocietypublishing.org Phil. Trans. R. Soc. A 372: 20120509

10. Shigehara T, Mizoguchi H, Mishima T, Cheon T. 1998 Chaos Induced by Quantization. IEICE
Trans. Fundam. E81–A, 1762–1768.
11. Berry M, Tabor M. 1977 Level clustering in the regular spectrum. Proc. R. Soc. Lond. A 356,
375–394. (doi:10.1098/rspa.1977.0140)
12. S̆eba P, Exner P. 1996 Point interactions in two and three dimensions as models of small
scatterers. Phys. Lett. A 222, 1–4. (doi:10.1016/0375-9601(96)00640-8)
13. Bogomolny E, Gerland U, Schmit C. 2001 Singular statistics. Phys. Rev. E 63, 6206.
(doi:10.1103/PhysRevE.63.036206)
14. Huxley MN. 2003 Exponential sums and lattice points. III. Proc. London Math. Soc. 87, 591–609.
(doi:10.1112/S0024611503014485)
15. Yesha N. In press. Eigenfunction statistics for a point scatterer on a three-dimensional torus.
Ann Henti Poincaré (http://arxiv.org/abs/1207.4696v2)
16. Marklof J, Rudnick Z. 2012 Almost all eigenfunctions of a rational polygon are uniformly
distributed. J. Spectral Theory 2, 107–113. (doi:10.4171/JST/23)
17. Kurlberg P, Ueberschär H. In preparation.
18. Berkolaiko G, Keating JP, Winn B. 2003 Intermediate wave function statistics. Phys. Rev. Lett.
91, 134–103. (doi:10.1103/PhysRevLett.91.134103)
19. Keating JP, Marklof J, Winn B. 2010 Localized eigenfunctions in S̆eba billiards. J. Math. Phys.
51, 062101. (doi:10.1063/1.3393884)
20. Jakobson D. 1997 Quantum limits on flat tori. Ann. Math. 145, 235–266. (doi:10.2307/2951815)
21. Giraud O, Marklof J, O’Keefe S. 2004 Intermediate statistics in quantum maps. J. Phys. A: Math.
Gen. 37, 303–311. (doi:10.1088/0305-4470/37/28/L01)
22. Guhr T, Müller-Groeling A, Weidenmüller HA. 1998 Random matrix theories in quantum
physics: common concepts. Phys. Rep. 299, 189–425. (doi:10.1016/S0370-1573(97)00088-4)
23. Tudorovskiy T, Kuhl U, Stöckmann H-J. 2010 Singular statistics revised, New J. Phys. 12,
123021. (doi:10.1088/1367-2630/12/12/123021)
24. Rudnick Z, Ueberschär H. In press. On the eigenvalue spacing distribution for a point scatterer
on the torus. Ann Henri Poincaré (doi:10.1007/s00023-013-0241-0)
25. Landau E. 1908 Über die Einteilung der positiven ganzen Zahlen in vier Klassen nach der
Mindestzahl der zu ihrer additiven Zusammensetzung erforderlichen Quadrate. Arch. Math.
Phys. 13, 305–312.
26. Eskin A, Margulis G, Mozes S. 2005 Quadratic forms of signature (2,2) and eigenvalue
spacings on rectangular tori. Ann. Math. 161, 679–725. (doi:10.4007/annals.2005.161.679)
27. Marklof J. 2003 Pair correlation densities of inhomogeneous quadratic forms. Ann. Math. 158,
419–471. (doi:10.4007/annals.2003.158.419)
28. Ueberschär H. 2012 The trace formula for a point scatterer on a compact hyperbolic surface.
J. Math. Phys. 53, 012108. (doi:10.1063/1.3679761)

